Entanglement of states and Complete Positivity of maps are concepts that have achieved physical importance with the recent growth of quantum information science. They are however mathematically relevant whenever tensor products of complex linear (Hilbert) spaces are involved. We present such situations in classical scalar paraxial wave optics where these concepts play a role: propagation characteristics of coherent and partially coherent Gaussian beams; and the definition and separability of the family of Twisted Gaussian Schell Model (TGSM) beams. In the former, the evolution of the width of a projected one-dimensional beam is shown to be a signature of entanglement in a two-dimensional amplitude. In the latter, the partial transpose operation is seen to explain key properties of TGSM beams.
I. INTRODUCTION
There have been some important and interesting developments in quantum mechanics at the conceptual level which have later been found to have parallels in classical wave optical phenomena. Two well known instances are the discovery of the geometric phase, and the existence of entanglement in generic states of composite quantum systems.
The discovery of the quantum mechanical geometric phase in 1983-84 was in the context of adiabatic cyclic pure state evolution governed by the time dependent Schrödinger equation [1] . However the earliest experimental demonstration of this phase used a classical light wave propagating along a coiled optical fibre, resulting in a rotation of the plane of polarization [2] . Somewhat later it was realized that Pancharatnam's pioneering work in 1956 within classical polarization optics was an early example of the (non adiabatic) geometric phase [3] .
The concept of entanglement in states of composite quantum systems goes back much earlier in time to the profound works of Einstein, Podolsky and Rosen [4] , and of Schrödinger [5] , in 1935-1936 [6] . It has been realized more recently that this property is relevant whenever one has to deal with tensor products of (complex) linear vector spaces in any physical situation, quantum or classical. When this occurs in a classical context, it has been called nonquantum or classical entanglement. An interesting re-cent study of nonquantum entanglement involves the determination of all physically realizable Mueller matrices in polarization optics, which uses in an essential way the effects of entanglement of polarization and spatial dependence of classical electromagnetic wave fields [7] . Several other more recent studies have analysed the concept of classical entanglement further [8] .
The purpose of the present work is to bring out the importance of classical entanglement in chosen scalar wave optical situations, thus not involving polarization at all. It turns out that certain features of these situations are understood much better in terms of their classical entanglement properties. The first situation that we consider involves the propagation characteristics of coherent and partially coherent paraxial Gaussian wave fields. Here it is shown that the behaviour of a one-dimensional beam width during propagation acts as an entanglement witness in a two-dimensional amplitude, understood appropriately. The second case is the study of a class of partially coherent (paraxial) beams known as Twisted Gaussian Schell Model (TGSM) beams. We show that by using the action of the partial transpose operation -a positive but not completely positive map used as entanglement witness -on these beams, their physical properties -range of parameters defining them, separability as incoherent mixtures of product beams -are understood much better than previously. While the connection of entanglement with non-locality is missing in these classical situations, the notion of entanglement provides insights into the structure of such beams and their propagation. Section II deals with the paraxial Gaussian wave fields and beams, Section III with the TGSM family. Section IV contains concluding remarks.
II. GAUSSIAN BEAM PROPAGATION -WIDTH BEHAVIOUR AS ENTANGLEMENT WITNESS
The scalar paraxial wave equations in one and two dimensions, with wavelength λ(λ = λ/2π) and propagating along the z-axis, are
We begin with the one-dimensional case.
Coherent and partially coherent one-dimensional Gaussian beams [9] We start with a real centered coherent Gaussian amplitude in the waist plane z = 0:
w = width, I = intensity measure. Solving Eqn. (1) leads to
(The x-independent exponent is the Guoy phase). This expression becomes more compact in terms of the Rayleigh range z R , evolving width w(z) and radius of curvature R(z):
Then
In the waist plane |R(0)| = ∞, and z R is the distance over which the width increases by a factor √ 2:
In the coherent case, z R depends on w alone.
To introduce partial coherence we bring in the twopoint correlation function Γ(x, x ′ ; z). The so-called Gaussian Schell Model (GSM) beam begins in the waist plane as [10] Γ(x,
As in Eqn. (3), w is the beam width; and δ is the coherence length. In the coherent case δ = ∞. To find Γ(x, x ′ ; z) we use Eqn. (1) with respect to x, and its complex conjugate with respect to x ′ . Now the Rayleigh range turns out to depend on both w and δ:
This is smaller than the coherent case value in Eqn. (5); and the two-point function turns out to be
,
Now over the Rayleigh range both width and coherence length increase by a factor √ 2:
Comparing with the coherent case, since now z R has decreased, it is seen that the finite coherence length δ results in an increased divergence of the beam:
This result will now be shown to serve as an entanglement witness in a two-dimensional coherent Gaussian beam.
The two-dimensional case
For a coherent two-dimensional Gaussian amplitude Ψ(x, y; z) we consider the product of two one-dimensional centered Gaussian amplitudes, in x and in y, each obeying Eqn. (1); this then obeys Eqn. (2) . We assume a common waist plane at z = 0, but with unequal widths:
The elliptic waist has principal axes x and y. Solving Eqn. (2) we have for general z by construction the product form
This is coherent, centered, Gaussian and elliptic, with principal axes x and y, for all z. Since z 1R > z 2R , w 1 (z) expands at a slower rate than w 2 (z). Now make an anti-clockwise rotation by angle θ in the x-y plane to x ′ -y ′ axes:
On account of the assumed anisotropy w 1 > w 2 , the twodimensional amplitude expressed in the new variables,
is no longer of the product form in x ′ and y ′ , i.e. it is definitely entangled as a function of these variables. As we now show, this entanglement can be revealed by a family of one-dimensional measurements.
Suppose we limit all measurements to quantitiesintensities, widths, . . . -in the x ′ direction, and their z-dependences. To 'trace over' dependences on y ′ , we first construct the product two-point function in the new variables
then set y ′′ = y ′ and integrate over y ′ to obtain the onedimensional two-point correlation function
It is easy to see that this is necessarily a centered onedimensional GSM beam as in Eqn. (8, 10) . The width
This is to be compared with the one-dimensional GSM result in Eqn. (10) . Since w 1 > w 2 (and assuming
(18) has finite coherence length δ. In turn this means that in the two-dimensional coherent Gaussian amplitude Ψ ′ (x ′ , y ′ ; z) of Eqn. (16) there is entanglement of x ′ and y ′ , and this is directly seen in the propagation behaviour of the beam width w ′ (z) in the direction x ′ in the transverse plane. Equivalently, entanglement between x ′ and y ′ in Ψ ′ (x ′ , y ′ ; z) leads to partial coherence in the reduced one-dimensional x ′ -mode which is of GSM type, and this can be measured through the propagation behaviour of beam width w ′ (z). This situation is analogous to bipartite pure entangled quantum states, where the reduced density operator of any of the components is a mixed state and this mixedness is used as an entanglement witness for the original combined state.
III. GAUSSIAN SCHELL MODEL BEAMS -ANISOTROPY, TWIST AND PARTIAL TRANSPOSE OPERATION
Now we look at the application of a positive but not completely positive (CP) map -the partial transpose (PT) operation [6] -on a well-studied family of two-dimensional optical two-point functions. For a onedimensional partially coherent beam the defining properties of the two-point function Γ(x; x ′ ) are hermiticity and positive semidefiniteness:
{Γ(x; x ′ )} ≥ 0 as a one-dimensional integral kernel. (24) These are obviously preserved by the transposition map
However when Ω x is trivially extended to the PT operation Ω x × I y on two-dimensional two-point functions,
while hermiticity is preserved the positive semidefiniteness may be lost. As two dimensional integral kernels,
Thus Ω x is not CP. Furthermore we have the consequence
This is mathematically similar to the case of bipartite density operators in quantum mechanics, where entangled states can turn into 'non-states' under the action of PT operation.
The AGSM family of beams
We examine this in the case of a family of twodimensional centered Gaussian Schell Model beams with interesting properties [11] . Denote two general points (x, y) T , (x ′ , y ′ ) T in the transverse plane by , ρ ′ . The most general Anisotropic Gaussian Schell Model (AGSM) beam is described by the two-point function
Here L, M, K are real 2 × 2 matrices obeying
and another condition developed below. Apart from the total intensity I, this is a ten-parameter family: L determines the intensity distribution, M the partial coherence, and K the phase. The exponent on the right in (29) is the most general hermitian quadratic expression in ρ and ρ ′ . It is convenient to pass from the physical space description (29) to an equivalent Wigner distribution description on 'optical phase space'. Points in this space correspond to real four component column vectors
The real symmetric positive definite 4 × 4 matrix V describes this (centered) Gaussian phase space distribution, hence the original beam (29), completely. It is the matrix of second moments or variances of the beam:
The condition that Γ (AGSM) (ρ; ρ ′ ) be a positive semidefinite integral kernel is expressed by the 'optical uncertainty principle' [12] 
Thus the complete set of conditions for physical acceptability are Eqn. (30,34).
The TGSM subfamily
Now we limit ourselves to two subfamilies in the tenparameter AGSM family. The first is the four-parameter Twisted Gaussian Schell Model (TGSM) subfamily [13] :
This is the most general AGSM beam invariant under proper SO(2) rotations about the propagation direction. Apart from total intensity I, the four independent parameters are intensity width w, coherence length δ, radius of curvature R and twist u. With these choices for L, M, K the variance matrix V of Eqn. (32) is
The hermitian matrix V + i 2 λβ has real eigenvalues; we must ensure these are all nonnegative. The characteristic equation for the eigenvalues µ is
from which the eigenvalues µ are easily determined:
The condition that they be all nonnegative is
Therefore the two-point function (35) is a physically realizable TGSM beam only when
The Γ (curv) subfamily
The second four-parameter subfamily is chosen so that, formally, it is related to the TGSM subfamily by the PT map Ω x × I y of Eqn. (26). We denote it by Γ (curv) , with the choices of L, M, K being
Compared to the previous choices (35), only K is different, being now symmetric traceless. The corresponding two-point functions are:
We must now check for any acceptability conditions on w, δ, R and u. From Eqn. (32,41) the variance matrix, written V ′ , is
Compared to Eqn. (36) for V , there are some sign differences; and while a ′ = a, c
so the eigenvalues are doubly degenerate given by
We now find that, in contrast to Eqn. (38), all these eigenvalues are non negative, in particular with no inequalities on |u|. Thus for all w > 0, δ ≥ 0, real R and real u, Γ (curv) (ρ; ρ ′ ) of Eqn. (42) is physical.
The effect of the PT operation
We now put together these two sets of results. As just seen, the beam Γ (curv) (ρ; ρ ′ ) of Eqn. (41) is physical for all real R and u (w > 0, δ ≥ 0 always). Upon applying the PT operation to it, we formally obtain the right hand side of the TGSM beam (35); this is the basis for the choices of L, M, K in Eqn. (41). However we know that for the TGSM beam to be physical, the condition |u| ≤ λ/δ 2 must be obeyed. Therefore we arrive at:
This can be combined with the well-known result for Gaussian states of continuous variable systems [14] : positivity/negativity under PT implies separability/entanglement. Therefore:
The separability of TGSM beams -a 'superposition model' -was shown soon after these beams were discovered [15] . This property is now understood in a new and deeper manner. The nonexistence of TGSM beams for |u| > λ/δ 2 gets related to nonseparability or entanglement of Γ (curv) in this parameter range. We also appreciate the physical differences between the phases appearing in the two cases, Eqn. (35,42): while the latter can be created by suitable concavo-convex lenses, the twist phase is more subtle and cannot be created in such a simple manner.
IV. CONCLUDING REMARKS
We have presented two examples from classical scalar paraxial wave optics which bring out the relevance of entanglement and of the non CP partial transpose operation. Although traditionally these notions are viewed as quantum mechanical in origin they are present in these classical contexts. In the terminology explained in the last of references [8] , these are instances of intrasystem entanglement. In the first case, the presence of entanglement in a coherent anisotropic Gaussian amplitude is shown to result in partial coherence in a projected one-dimensional beam; this can then be detected by onedimensional measurements of the width in the projected beam. The second example involves the well studied family of TGSM beams. These beams are physically realisable only when the twist parameter u is bounded above in magnitude by an expression inversely proportional to the square of the coherence length. In particular, no twist phase can be impressed upon a fully coherent beam. In contrast, the beams Γ (curv) are physical for all values of u; but they change from being separable to being entangled as |u| passes through λ/δ 2 . This is reminiscent of the behaviour of the Gaussian states of the two mode electromagnetic fields and the so-called Werner states much studied in quantum information theory.
The role of the bound on the twist phase, and the fact that TGSM beams are always separable, are explained in a new light using the action of the partial transpose operation on these beams, carrying them to the beams Γ (curv) . We have shown that entanglement in scalar optical fields at the classical level exists and its analysis provides useful insights. In our view the situation needs to be investigated further to find possible applications of this phenomenon of classical entanglement.
